Homogeneous Gröbner bases under composition  by Liu, Jinwang & Wang, Mingsheng
Journal of Algebra 303 (2006) 668–676
www.elsevier.com/locate/jalgebra
Homogeneous Gröbner bases under composition ✩
Liu Jinwang a, Wang Mingsheng b,∗
a College of Mathematics and Computation, Hunan Science and Technology University,
Xiangtan, Hunan 411201, PR China
b Information Security Laboratory, Institute of Software, Chinese Academy of Sciences,
PO Box 8718, Beijing 100080, PR China
Received 1 May 2005
Available online 4 November 2005
Communicated by Reinhard Laubenbacher
Abstract
Let K[x1, . . . , xn] be the polynomial ring over a field K in variables x1, . . . , xn. Let Θ =
(θ1, . . . , θn) be a list of n homogeneous polynomials of same degree in K[x1, . . . , xn]. Polynomial
composition by Θ is the operation of replacing xi of a polynomial by θi . The main question of this
paper is: When does homogeneous polynomial composition commute with homogeneous Gröbner
bases computation under the same term ordering? We give a complete answer: for every homoge-
neous Gröbner basis G, G ◦ Θ is a homogeneous Gröbner basis under the same term ordering if
and only if the composition by Θ is homogeneously compatible with the term ordering and Θ is a
‘permuted powering.’
© 2005 Elsevier Inc. All rights reserved.
1. Introduction
Let K[x1, x2, . . . , xn] be the polynomial ring in the variables x1, x2, . . . , xn with coeffi-
cients in an arbitrary field K .
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fore it will be useful to study various properties about Gröbner basis.
The problem of the behavior of Gröbner bases under composition of polynomials has
widely been studied in many research papers [6–11], etc.
In this paper, we study a slightly different case, that is, we study the problem of the be-
havior of homogeneous Gröbner bases under composition of homogeneous polynomials.
Namely, we consider the following question. Let Θ = (θ1, . . . , θn) be a list of homoge-
neous polynomials of same degree in K[x1, x2, . . . , xn], and G be a homogeneous Gröbner
basis under some term ordering. Let G∗ be the set obtained from G by replacing xi by θi .
Then when is G∗ a homogeneous Gröbner basis with respect to the same term ordering?
We study this problem and give a complete answer for any coefficient field K .
The paper is organized as follows. In Section 2, we briefly review the terminology from
Gröbner basis theory and state the main theorem of this paper. In Section 3, we provide a
proof of the main theorem.
2. Preliminaries and main result
About Gröbner basis theory, we refer to the original papers [1,2] or the textbooks [3–5].
We follow the convention as in [7] for the usage of notation. We first list some notation
which will be used throughout the paper.
Notation
K A field.
p,q, r A term, that is, xe11 · · ·xenn for some e1, . . . , en ∈N.
f,g A nonzero polynomial in K[x1, . . . , xn].
| The divisibility relation over the terms, that is, p|q if and only if p divides q .
> A term ordering on K[x1, . . . , xn].
lt(f ) The leading term of f under >.
lc(f ) The leading coefficient of f under >.
lm(f ) The leading monomial of f under >, that is, lm(f ) = lc(f ) lt(f ) for f = 0,
lm(0) = 0.
H A nonempty finite set of nonzero polynomials in K[x1, . . . , xn].
lt(H) The set {lt(h) | h ∈ H }.
Ideal(G) The ideal generated by G.
gcd(f, g) The greatest common divisor of f and g.
lcm(p, q) The least common multiple of p and q .
Θ An ordered n-tuple (θ1, . . . , θn) with θi ∈ K[x1, . . . , xn] being homogeneous.
lt(Θ) The list (lt(θ1), . . . , lt(θn)).
lm(Θ) The list (lm(θ1), . . . , lm(θn)).
S(f,g) The S-polynomial of f and g, that is, lcm(lt(f ),lt(g))lm(f ) f − lcm(lt(f ),lt(g))lm(g) g.
Since we have used Θ = (θ1, . . . , θn) as a list of n homogeneous polynomials of same
degree, in order to introduce several general definitions and Hong’s theorem on the behav-
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an ordered n-tuple of arbitrary polynomials. The meaning of lt(Ψ ) is the same as lt(Θ).
Definition 2.1. [6] The composition of h by Ψ , denoted as h ◦ Ψ , is the polynomial ob-
tained from h by replacing each xi in h with ψi . Namely
(h ◦ Ψ )(x1, . . . , xn) = h
(
ψ1(x1, . . . , xn), . . . ,ψn(x1, . . . , xn)
)
.
Furthermore, if H is a set, then H ◦ Ψ is defined by {h ◦ Ψ | h ∈ H }. Clearly, for any
term p, we have lt(p ◦ Ψ ) = p ◦ lt(Ψ ).
We fix a term ordering > throughout the paper, and when we say that G is a Gröbner
basis we always mean that G is a Gröbner basis with respect to >.
We introduce some general definitions [7]:
Definition 2.2. We say that composition by Ψ commutes with Gröbner basis computation
if and only if G ◦ Ψ is a Gröbner basis for any Gröbner basis G.
Definition 2.3. We say that the composition by Ψ is compatible with the term ordering >
iff for all terms p and q , we have
p > q ⇒ p ◦ lt(Ψ ) > q ◦ lt(Ψ ).
Definition 2.4. We say that the list lt(Ψ ) is a ‘permuted powering’ if and only if lt(Ψ ) =
(x
λ1
π1 , . . . , x
λn
πn ) for some permutation π of (1, . . . , n) and some integers λ1, . . . , λn > 0.
In [7], Hong proved the following fundamental theorem about the behavior of Gröbner
bases under composition.
Theorem 2.1. [7] Gröbner basis computation commutes with composition by Ψ if and only
if
(a) the composition by Ψ is compatible with the term ordering >;
(b) the list lt(Ψ ) is a ‘permuted powering.’
Remark 2.1. A generalization of Theorem 2.1 was provided in [10]. In [11], an efficient
algorithm was presented which decides if (a) in Theorem 2.1 is true.
A Gröbner basis G is said to be a homogeneous Gröbner basis if every element of G is
a homogeneous polynomial.
Remember that Θ is a list of n homogeneous polynomials of same degree in the subse-
quent discussions.
Definition 2.5. We say that composition by Θ commutes with homogeneous Gröbner bases
computation if G ◦ Θ is also a homogeneous Gröbner basis with respect to the same term
ordering > for any homogeneous Gröbner basis G with respect to the term ordering >.
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ordering > iff for all terms p and q , we have
p > q, degp = degq ⇒ p ◦ lt(Θ) > q ◦ lt(Θ).
With above definitions, the main result reads as follows:
Theorem 2.2 (Main theorem). The following are equivalent.
(A) The composition by Θ commutes with homogeneous Gröbner bases computation.
(B) The following conditions hold:
(a) the composition by Θ is homogeneously compatible with the term ordering >; and
(b) the list lt(Θ) is a ‘permuted powering.’
Remark 2.2. The proof of the main theorem does not rely on the characteristic of K , that
is, it holds over any coefficient field.
3. Proof of main theorem
In this section, we prove the main result of this paper stated in the previous one. We
just indicate the different points comparing with the Hong’s proof in [7]. We first begin by
proving the part of sufficiency of the main theorem.
3.1. Proof of sufficiency
We state some basic results which can be found in [7].
Lemma 3.1. Let
(A) the composition by Θ be homogeneously compatible with the term ordering >; and
(B) for every homogeneous polynomial f , we have
(1) lt(f ◦ Θ) = lt(f ) ◦ lt(Θ);
(2) lm(f ◦ Θ) = lm(f ) ◦ lm(Θ).
Then (A) ⇒ (B).
Proof. The proofs are the same as in [7]. 
Lemma 3.2. Let
(A) the list lt(Θ) be a ‘permuted powering’;
(B) the composition by Θ be homogeneously compatible with the term ordering >.
Then (A) ⇒ (B).
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Lemma 3.3. [4,7] The following are equivalent.
(A) G is a Gröbner basis.
(B) For all gi and gj ∈ G = {g1, g2, . . . , gt }, i = j , there exist h1, . . . , ht such that
(a) S(gi, gj ) = h1g1 + h2g2 + · · · + htgt ;
(b) for every k, either hk = 0 or lt(hk) lt(gk) < lcm(lt(gi), lt(gj )).
Lemma 3.4. The following are equivalent.
(A) G is a homogeneous Gröbner basis.
(B) For all gi and gj ∈ G = {g1, . . . , gt }, i = j , there exist h1, . . . , ht such that
(a) S(gi, gj ) = h1g1 + · · · + htgt , hi is homogeneous, i = 1,2, . . . , t;
(b) for every k, either hk = 0 or lt(hk) lt(gk) < lcm(lt(gi), lt(gj )).
Proof. Assume (A). Since G is a homogeneous Gröbner basis, S(gi, gj ) is homogeneous.
If S(gi, gj )
G∗−→ h, then h is also homogeneous, and degh = degS(gi, gj ) = deg lcm(gi,
gj ). Similarly to proof of Lemma 3.3, we obtain (B).
Assume (B). Then (A) holds by Lemma 3.3. 
Now we are ready to state the sufficiency part of the main theorem.
Theorem 3.1 (Sufficiency). Let
(A) the composition by Θ commute with homogeneous Gröbner bases computation;
(B) the following conditions hold:
(a) the composition by Θ is homogeneously compatible with the term ordering >; and
(b) the list lt(Θ) is a ‘permuted powering.’
Then (B) ⇒ (A).
Proof. Assume (B). By Lemmas 3.1, 3.2, 3.4, and following the proof of Lemma 4.6 in [7],
we obtain (A). 
3.2. Proof of necessity
In this subsection, we prove the necessity side of the main theorem, that is, we prove
that (A) of the main theorem implies (B).
First, we begin with the following lemma.
Lemma 3.5. Let
(A) the composition by Θ commute with homogeneous Gröbner bases computation;
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Then (A) ⇒ (B).
Proof. Following the proofs of Lemmas 5.2–5.4 in [7], we obtain the results. 
For the term ordering >, we have xτ(1) > xτ(2) > · · · > xτ(n) for a permutation τ of
{1,2, . . . , n}.
Hence by Lemma 3.5, we have lt(θτ(1)) > lt(θτ(2)) > · · · > lt(θτ(n)).
In order to simplify notation, without loss of generality, we may assume that
x1 > x2 > · · · > xn.
Hence we have lt(θ1) > lt(θ2) > · · · > lt(θn). Moreover lt(f ◦ Θ) = lt(f ) ◦ lt(Θ) for any
homogeneous polynomial f .
We also note the following useful lemma.
Lemma 3.6. [3] Let d be the greatest common divisor of f and g, then {f,g} is a Gröbner
basis if and only if lt(f
d
)
and lt
( g
d
)
are relatively prime, that is, gcd(lt(f ), lt(g)) = lt(d).
Now we have the following key result to our proof of necessity.
Lemma 3.7. Let f and g be two nonzero polynomials in K[x1, . . . , xn]. Assume that lt(f )
and lt(g) are not relatively prime and lt(f ) > lt(g). Then we have
(a) {f,g} is not a Gröbner basis, or
(b) {f 2 + g2, fg, g3} is not a Gröbner basis.
Proof. We will prove by contradiction. Thus, assume that both {f,g} and {f 2 + g2,
fg, g3} are Gröbner bases.
Let d = gcd(f, g). Then there exist polynomials f1 and g1 such that f = df1 and g =
dg1. Since {f,g} is a Gröbner basis, by Lemma 3.6, lt(f1) and lt(g1) are relatively prime,
and lt(d) = gcd(lt(f ), lt(g)).
Since lt(f ) and lt(g) have nontrivial common divisor, lt(d) > 1.
Let
f1 = c1 lt(f1) + f ′1, lt
(
f ′1
)
< lt(f1), c1 = 0,
g1 = c2 lt(g1) + g′1, lt
(
g′1
)
< lt(g1), c2 = 0,
Let G = {f 2 + g2, fg, g3}, and I = Ideal(G).
Simple computations show that:
f 2 + g2 = d2(c1 lt(f1) + f ′1
)2 + d2(c2 lt(g1) + g′1
)2
= d2[c2 lt(f1)2 + 2c1 lt(f1)f ′ + f ′2 + c2 lt(g1)2 + 2c2 lt(g1)g′ + g′2
]
,1 1 1 2 1 1
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) · d(c2 lt(g1) + g′1
)
= d2[c1c2 lt(f1) lt(g1) + c1 lt(f1)g′1 + c2 lt(g1)f ′1 + f ′1g′1
]
,
g3 = d3(c2 lt(g1) + g′1
)3
.
Since lt(f ) > lt(g), we have lt(f1) > lt(g1). Hence lt(f 2 +g2) = lt(d)2 lt(f1)2. We also
have lt(fg) = lt(d)2 lt(f1) lt(g1), lt(g3) = lt(d)3 lt(g1)3.
S-polynomial of f 2 + g2 and fg is computed as follows:
S
(
f 2 + g2, fg) = c−21 c−12
(
c2 lt(g1)
(
f 2 + g2) − c1 lt(f1)f g
)
= c−21 c−12
((
g1 − g′1
)(
f 2 + g2) − (f1 − f ′1
)
f g
)
= c−21 c−12
(
f ′1fg − g′1
(
f 2 + g2) + g1f 2 + g1g2 − f1fg
)
.
Note that g1f 2 − f1fg = d2f 21 g1 − f1(df1)(dg1) = 0, therefore we have S(f 2 + g2,
fg) = −cg′1(f 2 + g2) + cf ′1fg + cg1g2, where c = c−21 c−12 is a nonzero constant.
Since S(f 2 +g2, fg) ∈ Ideal(G), we have h = cg1g2 ∈ Ideal(G). Since G is a Gröbner
basis, we have lt(h) ∈ Ideal(lt(f 2 + g2), lt(f g), lt(g3)).
We have three cases:
Case 1: lt(f 2 + g2) | lt(h).
Note lt(f 2 + g2) = lt(d)2 lt(f1)2, we have lt(d)2 lt(f1)2 | lt(d)2 lt(g1)3. Hence lt(f1) |
lt(g1), which implies lt(f1) lt(g1). A contradiction.
Case 2: lt(fg) | lt(h).
In this case, we have lt(d)2 lt(f1) lt(g1) | lt(d)2 lt(g1)3. Hence lt(f1) | lt(g1)2. Since
lt(f1) and lt(g1) are relatively prime, we have a contradiction.
Case 3: lt(g3) | lt(h).
In this case, we have lt(d)3 lt(g1)3 | lt(d)2 lt(g1)3. Hence lt(d) | 1, which implies
lt(d) = 1. This contradicts with lt(d) > 1. 
With above lemma, we have the following result:
Lemma 3.8. Let
(A) the composition by Θ commute with homogeneous Gröbner basis computation;
(B) the terms lt(θ1), . . . , lt(θn) be pairwise relatively prime.
Then (A) ⇒ (B).
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assume that there exists a pair, say lt(θi) and lt(θj ) (i = j), that are not relatively prime.
Without loss of generality, we may assume i < j , that is, lt(θi) > lt(θj ).
By Lemma 3.7, we have that {θi, θj } is not a Gröbner basis or {θ2i + θ2j , θiθj , θ3j } is not
a Gröbner basis.
Case 1: {θi, θj } is not a Gröbner basis.
Let H = {xi, xj }. Then Clearly H is a homogeneous Gröbner basis. But H ◦ Θ =
{θi, θj } is not a Gröbner basis. Contradiction to (A).
Case 2: {θ2i + θ2j , θiθj , θ3j } is not a Gröbner basis.
Let H = {x2i + x2j , xixj , x3j }. Since xi > xj , H is a Gröbner basis by Buchberger crite-
rion. But H ◦ Θ = {θ2i + θ2j , θiθj , θ3j } is not a Gröbner basis. Contradiction to (A). 
Lemma 3.9. Let
(A) the composition by Θ commute with homogeneous Gröbner basis computation;
(B) the list lt(Θ) be a ‘permuted powering.’
Then (A) ⇒ (B).
Proof. Since all θi are homogeneous polynomial of same degree, we have that for all i,
i = 1, . . . , n, lt(θi) have the same degree.
Note lt(θ1) > lt(θ2) > · · · > lt(θn), we conclude that lt(θi) > 1 for every i.
By Lemma 3.8, we know that the terms lt(θi) and lt(θj ), i = j , are relatively prime.
Hence every lt(θi) can only involve one variable, and for i = j , lt(θi) and lt(θj ) involve
different variables. Thus we conclude that lt(Θ) is a ‘permuted powering.’ 
Now we are ready to prove the necessity part of the main theorem.
Theorem 3.2 (Necessity). Let
(A) the composition by Θ commute with homogeneous Gröbner bases computation;
(B) the following conditions hold:
(a) the composition by Θ is homogeneously compatible with the term ordering >;
(b) lt(Θ) is a ‘permuted powering.’
Then (A) ⇒ (B).
Proof. Assume (A). By Lemmas 3.5 and 3.9, we obtain (B). 
Remark 3.1. From the proof of Theorem 2.2, we see that Theorem 2.2 can be generalized
to the general case discussed as in [10] with minor modifications.
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